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Abst ract - -We determine the total chromatic number of the join of two paths, the cartesian product 
of two paths, the cartesian product of a path and a cycle, the corona of two graphs and the theta 
graphs. 
An element of a graph G : (V, E) is a vertex or an edge. In a total coloring, two elements of G 
which are either adjacent or incident must have different colors. The minimum number of colors 
needed for a total coloring of G is the total chromatic number x"(G). We follow the notation 
of [1]. In particular, A : A(G) is the maximum degree. 
Total coloring was independently introduced by Vizing [2] and Behzad [3,4]. Both Behzad and 
Vizing conjectured that every graph G satisfies: 
A + 1 <_ X"(G) <_ A + 2. 
We call graphs which need A + 1 colors type 1 and those which need at least A + 2 colors type 2. 
All those that suffice for X" of type 2 graphs of degree three on at most ten vertices are found 
in [5]. The lower bound is clearly exact. An obvious upper bound is X"(G) < 2A + 1. 
The join of two graphs G1 and G2, denoted by G1 + G2 as in [1, p. 21], is formed by taking 
the disjoint union of G1 and G2 and adding edges between the vertices of G1 and those of G2. 
THEOREM 1. The join of two paths Pm and Pn where m > n is of type 1. 
PROOF. We use the colors 1, 2, 3 , . . . ,  m to color the edges from Pn to Pm in a cyclic manner, and 
we use the colors z, y and z cyclically to color the edges and the vertices of Pn. To color Pro, we 
color its vertices using the colors 2, 3 , . . . ,  m, 1, and we color its edges using the colors z, y and z, 
also in a cyclic manner. Now the total number of colors is m + 3, which is equal to A + 1. | 
Figure 1 explains a total coloring of P4 + P~. The color of a vertex is circled while the color of 
an edge is not. 
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Figure 1. Totally coloring the join of two paths. 
The author wishes to thank Frank Harary for m~W helpful suggestions. 
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When m = n, the theorem is not true, e.g., P2 + P2 = K4, which is known to be of type 2. To 
define the cartesian product G1 x G2 of two graphs G1 = (V1, E l )  and G2 = (I/2, E2), consider any 
two vertices u = (ul, u2) and v = (vx, v2) in Y = VI x V2. Then as in [1, p. 22], u and v are adjacent 
in G1 x G2 whenever [ul -- vl and u2 is adjacent o v2] or [u2 = v2 and ul is adjacent o vl]. 
THEOREM 2. The meshes Pm x P, are of type 1, as are the cylindrical meshes Pm x Cn with n 
even OF n ~ 3 .  
PROOF. We consider the cartesian products of: 
(i) two paths Pm and P , ,  
(ii) a path P,n and a cycle C2n of even length, 
(iii) a path Pm and the triangle C3. 
For (i), the method of coloring using five colors is illustrated in Figure 2 for m - n = 4; as (ii) 
is similar to (i), it is omitted. Then (iii) is done as shown in Figure 3 for m - 4. 
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Figure 2. Total coloring of a mesh. 
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Figure 3. Total coloring of a special cylindrical mesh. 
A theta graph [1, p. 66] is a block with two nonadjacent vertices of degree 3 and all other 
vertices of degree 2. Thus, a theta graph G consists of two vertices of degree 3 and three disjoint 
paths joining them, each of length at least 2. Hence, G is the parallel connection of three paths. | 
THEOREM 3. All theta graphs are of type 1. 
PROOF. Let the lengths of the three disjoint paths of the theta graph be rl ,  r2, and ra. There 
are two possibilities: either rl - r2 - r3 (mod 3) or not. In both cases, we color the two vertices 
of degree 3 with color 4. When all three lengths ri are congruent modulo 3, we color the vertices 
and the edges cyclically with colors 1,2, 3 as illustrated in Figure 4 for r l  - -  r2 ---- ra -- 3. 
The detailed proof for the other possibility involves many cases. They are straightforward but 
lengthy. They can be obtained by writing to the author. | 
The corona G1 o G2 of two graphs Gx and G2 was defined by Frucht and Harary [6] and 
Harary [1, p. 167] as the graph obtained by taking one copy of G1 (which has pl vertices) and Pl 
copies of G2, and then joining the vertex i of G1 to every vertex of copy i of G2. The next result 
was proved in general by A. Chetwynd and is given here with her kind agreement. 
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Figure 4. Total coloring of a theta graph. 
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THEOREM 4. The corona of any two graphs is of type I. 
PROOF. Let GI and G2 he two graphs of max imum degrees AI and As, with A 1 ~ ~k 2. We 
show that G1 o G2 can be totally colored with A(GI  o G2) + 1 colors. 
Since A I >_ A2, both G1 and G2 can be colored with A I+2 colors ci. Notice that A(GRoG2)+I  
is equal to A I +P2 + 1. We begin to color graph GI oG~. Let v be a vertex in GI with color c, but 
no edge passing through it is colored f. To color G2, we use new colors al, aS,..., ap~-l. If u is 
a vertex in G 2 with color c, swap colors so that u is not colored with c, i.e., color u with al, say, 
instead of c. 
Find a vertex to in G2 with color f spare, i.e., vertex to and all edges incident with it are not 
colored f. Color the edge vto with f. If there is no such vertex w, then for a vertex which spares 
color z, swap colors f and x, and color the edge vto with f. Now we need P2 - 1 colors c~i to 
color the edges joining each vertex of G1 to the corresponding copy of G2. m 
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